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LETTER TO THE EDITOR

Three-dimensional analytical periodic solutions of the Laplace
equation

D Ouroushev

University of Sofia, Faculty of Physics, Department of Solid State Physics, Boulevard A
Ivanov 5, Sofia 1126, Bulgaria

Received 17 May 1985

Abstract. A method is proposed, by which three-dimensional periodic analytical solutions
of the Laplace equation can be found. The solutions obtained describe the electrostatic
potential in a three-dimensional space lattice of point charges with a certain symmetry.

The problem of finding the three-dimensional solution of the Laplace equation
Ay =0 (1)

is usually solved by separating the variables. By this method a general solution can
be obtained, which has the form (Morse et al 1953)

d/ _etnrx *isy e:tlz t2= "2+S2. (2)

As can be seen from (2) this solution is periodic in the x and y directions and

exponentially decreasing or increasing in the z direction. It should be mentioned here

that the correlation between the constants r, s and ¢ is always such that the coefficient

of z is real. Consequently the method of separation of the variables cannot be used
to obtain a solution periodic in three dimensions.

Here a method will be proposed by which a three-dimensional periodic solution

of the Laplace equation can be found. Let us make the following substitution in
equation (1)

¢ = 4q Arth[u,(x)v,(y)wi(2) + us(x) v2(y) wx(2)] (3)

where u;, v, w; (i=1,2) are Jacobi elliptic functions which satisfy the following non-
linear ordinary differential equations (Janke et al 1960)

(du;/dx)*= ATut+ BTu?+C?
(dv/dy)* = Alvi+ Blvi+CY i=1,2 (4)
(dw;/dz)*= A’wi+ Biw?+ C:.

Substituting (4) into equation (1) we obtain

(ATul+ Alvl+ Aiwi)2a + (Aui+ AJvi+ AZw3)28
-2(ATui+ Alvi+ Aiw})*(ap’+ B%a)+ (BT + B+ Bi)(a+ a’+aB?)
+(B5+ B3+ B3)(B+B°+B%a)+2(a+B)
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2
X (Crviwi+ Civiwi+ Clulwi+ Cludwi+ Ciulvi+ Ciudv))
+4(a+ B)(ujubv, w v, wy + V1V U U W Wa + WIWI U U0, 0,) = 0. (5)

Here the prime denotes a derivative by the corresponding variable; « and B8 are
correspondingly

a =u,nhw, B = Uz (6)

Equation (5) can be further simplified by using some concrete properties of the Jacobi
elliptic functions. Let us assume that uv,w; are some of the three main Jacobi elliptic
functions sn(x, k), cn(x, k), dn(x, k) (Janke et al 1960). In this case

wluh=uuy( DT+ D)+ ATuwlu u, + ASuiu u,
vivh = v,0,(D} + D}) + A{viv, v, + Avdo v, (7)
wiwh=wywy(Di+ D3+ Aiwiw,ws+ AZwiw,w,.

Of course the relations (7) are valid if the pairs of functions u,u,; v,v,; w;w, depend
on the same modal k,, k,, k, respectively. In (7) D%, D3>* are constants, which can
be determined by making a concrete choice for the functions wyw;; they can be
expressed by the coefficients B”.

It must be underlined that for every combination of main elliptic functions (sn cn;
sndn; cn dn) relations (7) are valid.
Using (7) equation (5) can be simplified:

(Bi+B}+Bj)(a+a’)+(B;+B}+B)(B+B°)
+[2(D}+ D3)+2(D}+ D3) +2(Di+ D3)— B — B} — B{]apB?
+[2(D7+ D})+2(D}+ D})+2(Di+ D3) - B; - B} - B;18°«a
+[ATui+ AJvi+ Alwl+ Cloiwi+ Civswi+ Clulw
+ Cuswi+ Ciuivi+ Ciuiwil2a +[ASui+ AJv}
+ Aswi+ Civiwi+ Civiwi+ Cluiwi+ Ciuiw}
+ Ciulvi+ Ciulv3]2B =0. (8)

Consequently the problem of solving the three-dimensional Laplace equation is reduced
to that of solving a system of algebraic equations. The first three equations of this
system, as follows from (8), are

Bi+B{+Bi=0
B3+ B3+ B;=0 9)
Di+ D;+Di+ D3+ D;+D3;=0.

Moreover, the coefficients of 2« and 28 in (8) must be equal to zero:

ATui+ Alvi+ Ajwi+ Croiwi+ Cioviw}
+ Cludwi+ Cluiwi+ Clulvi+ Ciudvi=0

AZui+ AJvi+ Ajwi+ Cioviwi+ Cioiw] (19

2
+ Clulwi+ Cuswi+ Ciuivi+ Ciulvi=0.
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Equations (10) lead to a further ten relations between the coefficients A7 AYA;C{C{C}
(i=1,2). The exact form of these equations can be given after a concrete choice of
the functions u;vw, Solving the system of algebraic equations determined by (9) and
(10) we can in principle find a three-dimensional periodic solution of the Laplace
equation, expressed in Jacobi elliptic functions.

Let us now do a concrete choice for the functions wy;w; setting

u, = aj en(lx, k) u,=aj; sn(lx, k.)
vy = aj en{my, k,) v, = a3 sn(my, k,) (11)
W1=af Cn(nz’ kz) w2=a§ dn(nZ, kz)'

As can be seen from (11) 18 indeterminated constants AP” B C7* reduce to 12 due
to the fact, that for every pair of functions u, v, w; (i=1,2) the coefficients before
xyz, as the modals k,, k,, k, must be the same, because in (9) and (10) these functions
must be combinate.

Due to the fact that the function wv;w; occurs in the solution only in the combina-
tions w,v,w,, U,v,w,, the coefficients af, al, a;, a3, a3, a3 can be reduced to two:

A=ajala;j B =ajajas. (12)

In this case the system of equations (9) and (10) reduces to eight equations for the
eight coefficients A, B, k., k,, k,, |, m, n. Solving this system we obtain

A=B=1 P+m?=n? ki=ki=1-kZ (13)
Consequently the function
¢ =4q Arth[cn(Ix, k) cn(my, k) cn(nz, k') +sn(Ix, k) sn(my, k) dn(nz, k')] (14)

where k>=1-k", is a three-dimensional periodic solution of the Laplace equation.
The solution obtained is periodic in the x, y and z direction with respective periods

T.=4K(k)/I T,=4K(k)/m T,=4K(k')/n (15)

where K (k) and K(k') are the full elliptic integrals of the first kind determining the
periods of the elliptic functions.

It must be mentioned that the obtained function (14) possesses singularities at the
points in which the argument of the function Arth is equal to £1. These singularities
can be interpreted according to the physical meaning of the Laplace equation. This
equation describes the electrostatic potential in a system of charges in the areas where
the space charge density is zero.

The presence of singularities in the solution of the Laplace equation is usually
connected with the existence of a point charge in these points (Jackson 1962). Setting
the constant g in (3) equal to the absolute value of these point charges it can be said
that a solution of this type describes the electrostatic potential in a system of point
charges distributed periodically and forming a space lattice.

For the concrete solution (14) this space lattice is given in figure 1. As can be seen
from the figure, this is a space lattice from the rhomboid system with C primitive cell.

Consequently the solution obtained is an analytical expression for the electrostatic
potential in the crystal-like structure of point charges with the aforementioned sym-
metry.

Here it must be mentioned that the proposed method gives us a possibility of
finding solutions with other symmetry, which are also expressed in Jacobi elliptic
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Figure 1. The space lattice of point charges described by the solution (14) of the Laplace
equation. Open circles, positive point charges; full circles, negative point charges.

functions. Consequently the proposed method makes it possible to find an analytical
expression for the electrostatic potential in a three-dimensional periodic structure of
point charges or we obtain an analytical expression for the crystal field in a certain
type of ionic crystal with corresponding symmetry.
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